TOPOLOGICAL TRIVIALITY OF SMOOTHLY KNOTTED 
SURFACES IN 4-MANIFOLDS 



HEE JUNG KIM AND DANIEL RUBERMAN 

Abstract. Some generalizations of the Fintushel- Stern rim surgery are 
known to produce smoothly knotted surfaces. We show that if the fun- 
damental groups of their complements are standard, then these surfaces 
are topologically unknotted. 



1. Introduction 

Fintushel and Stern described [6] a surgery operation on a torus T em- 
bedded with trivial normal bundle in a smooth 4- manifold X, and used this 
construction to build many 4-manifolds with interesting properties. The 
construction depends on a choice of a knot K in S 3 , and the choice of a 
diffeomorphism <p : dv(T) — > S 1 x dE(K) (subject to certain restrictions), 
and gives rise to a 4-manifold Xk{}P)- When this operation is applied to a 
torus embedded in a neighborhood of a surface E in X (and linking E in a 
simple fashion) the new manifold Xk{}P) is diffeomorphic to X. However, 
the construction, called rim surgery, produces a new surface E^(</?) in X 
which Fintushel and Stern showed [5] may be smoothly non-isotopic to E. 

In the case that tt\{X — E) is trivial, it is straightforward to show that 
S #-((/?) is topologically isotopic to E using topological surgery. Recently, 
S. Finashin [3] and the first-named author |15j have used variations of rim 
surgery to find smoothly knotted surfaces whose complements have (nontriv- 
ial) cyclic fundamental groups. It is interesting to ask whether these surfaces 
are topologically nontrivial. Indeed, Finashin [H page 50] asks about the 
topological classification of his surfaces, while the first author [15] showed 
that for many knots K and choices of <p, the surface T,k(^p) is topologically 
equivalent to the original E. In this paper, we show that any surface pro- 
duced by a torus knot surgery whose complement has cyclic fundamental 
group is topologically standard. 

To state the main result, we need to define the surgery operation in ques- 
tion. 

Definition 1.1. Let Z be a 4-manifold containing a torus T of self-intersection 
0, and let K be a knot with exterior E{K). Denote by fix the boundary 
of the normal disk of the torus, and let the longitude/meridian of K be Xk 
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and fix respectively. Let ip : dv(T) — > S 1 x dE{K) be any diffeomorphism 
such that ip*\XT = ^K- 

(a) Knot surgery is the operation Z — > Zk{^>) = Z — (T x D 2 ) (S 1 x 
/•-(/Mi. 

(b) If ttiZk(^>) = ttiZ is cyclic, then the knot surgery will be called a 
cyclic surgery. 

Note that the boundary of Z is not touched by this operation, so it is 
meaningful to ask if there is a diffeomorphism or homeomorphism Zjc(<p) — > 
Z extending the identity map on dZ. Fintushel and Stern [5] investigated 
this construction when Z = X — u(Ti) is the exterior of an embedded surface 
in the closed manifold X 4 . Gluing back in the neighborhood of the surface 
gives a new embedding of S in Xjc(cp), with image E^V 3 )- Fintushel and 
Stern focused particularly on a torus T that is the preimage in du(Ti) of a 
closed curve a C £, which they called a rim torus. In this case (referred to 
as rim surgery) there is a canonical identification of X and Xk(<p), and we 
view £/e(y?) as lying in X. If an appropriate Seiberg-Witten invariant of X 
is non-trivial, and the Alexander polynomial of K is not 1, then E^(c^) is 
smoothly knotted. On the other hand, if 7q(X — £) = 1, then rim surgery 
does not change the topological type of the embedding. Our main result is 
a generalization of this last statement. 

Theorem 1.2. Let £ C X be an embedded surface such that tt\{X— £) = Z^. 
Suppose that T is a torus in the complement ofE, and that the knot surgery 
(X, £) — > (X/f (y), Ejf (99)) is cyclic. Then there is a pairwise homeomor- 
phism (X k (<p),T>k{v)) -» CX,E). 

The proof of the theorem uses the traditional paradigm of surgery theory: 
we will find a homotopy equivalence, modify it so that it is normally bordant 
to the identity, and then show that the normal bordism may be surgered to 
give an s-cobordism. 

In certain cases, there is a canonical diffeomorphism between X and 
Xk(<p), and we regard S and as embedded surfaces in X. The 

examples we have in mind are the rim surgery referred to previously, and 
the annulus rim surgery in Finashin's paper [5]. In this circumstance, it is 
reasonable to ask if S and £#(9?) are isotopic. 

Theorem 1.3. Suppose that X is simply connected and tti(X — E) is cyclic. 
IfEjC^cp) is obtained from E by a cyclic rim surgery or annulus rim surgery, 
then Tj^i^f) is isotopic to E. 

The final section of the paper contains some examples of cyclic surgeries 
to which Theorems 11.21 and 11.31 apply. 

Remark 1.4. There are presumably alternate ways to obtain these results, 
most notably the general methods for topological surgery with finite funda- 
mental group due to Hambleton and Kreck |13l [T2| [TT] that can perhaps be 
applied in this context. (Compare [31 HB].) We are able to use the more tra- 
ditional surgery theory because we are able to construct a specific homotopy 
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equivalence between Z and Zk(<p), whose normal invariant can be readily 
calculated by geometric means. 

2. Proofs of the theorems 

We start with a simple way to recognize a homotopy equivalence between 
4-manifolds with finite tt\. 

Lemma 2.1. Let M' and M be oriented 4-manifolds with finite fundamental 
group. Suppose that f : (M',dM') — > (M,dM) is a degree-! map with the 
following properties: 

(1) / : dM' — » dM is a homotopy equivalence. 

(2) /* : vriM' ttiM. 

(3) /* : #*(M';Z) -=+ H*(M;Z). 
Then f is a homotopy equivalence. 

Proof. Denote by M — > M the universal cover, and let <i be its degree. 
By the Whitehead theorem (see [2] for the statement in the non-simply 
connected case) it suffices to show that the lift / of / to the universal 
cover induces an isomorphism in integral homology. Since the degree of 
/ is 1, the same is true for /, and so the induced map in homology is a 
surjection. Now Hi(M';Z) = H\{M; r L) = 0, and Poincare duality (plus 
the fact that / is a homotopy equivalence on the boundary) shows that 
/* : H 3 (M'; Z) -=-> H 3 (M; Z). 

Again, the fact that the degree of / is one implies that 

/„ : H 2 (M';Z) — >H 2 (M;Z), 

a map between two free abelian groups, is a surjection. On the other hand, 
we know from (3) that the Euler characteristics of M and M' are equal, and 
so x(M') = d ■ x(M) = d ■ x(M') = x(M). It follows that H 2 {M';Z) and 
H 2 {M; Z) have the same rank, and so /* must in fact be an isomorphism. □ 

Let X be a simply-connected oriented 4-manifold. For an oriented em- 
bedded surface S C X, let Z = X — be its exterior; note that tti(Z) 
is normally generated by the meridian of E, which we will denote by 
If tti(Z) is cyclic, then of course /is is a generator. Suppose that T C Z 
is an embedded torus such that T ■ T = 0, with a framing of its normal 
bundle, giving an identification dv{T) = T 3 . (In the case of rim surgery, 
the framing will be canonical.) Let (S S ,K) be a knot with exterior E(K). 
The choice of a diffeomorphism tp : T 3 — > S 1 x dE(K) then gives a manifold 
Z K (ip) = Z - u{T) U v (S 1 x E{K)). 

The gluing map <p can be encoded as a 3 x 3 matrix with respect to a 
basis {a,!3,fi T } for #i(T 3 ) and {S 1 ,^, X K } for H^S 1 x dE{K)). We will 
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always assume that tp takes \xt to Xk, so the matrix will have the form 

(a b 0\ 

tp = c d (2.1) 
\P Q 1/ 

where ad — be = 1. 

If a = <i = 1 and 6 = g = then such a gluing corresponds, in the original 
setting of rim surgery, to replacing the spinning construction of Fintushel- 
Stern with a combination of (c-fold) twist spinning [32J and (p-fold) roll 
spinning [20] . The matrix formulation of these classical constructions from 
high-dimensional knot theory is described in great detail in [26] and |23[ [22] . 



Lemma 2.2. Suppose that tp is a gluing map with tp(nT) = , and that K 
is the unknot O. Then Zo(tp) = Z via a diffeomorphism that is the identity 
on the boundary. 

Proof. Consider the following decompositions of Z and Zo{tp): 
Z = Z - (T x D 2 ) U id {S 1 x E(0)) 

and 

Z (tp) =Z-(TxD 2 ) U v {S 1 x E(0)). 

Then it is sufficient to extend id o tp^ 1 : S 1 x dE(0) — > S 1 x dE(0) to a 
diffeomorphism S 1 x E(0) — > /S 1 x E(0). Using a diffeomorphism of T 3 
that preserves the fiber ht, we may assume that f)2. 1 j) has the simpler form 

r I I U I . (2.2) 




\P 

Considering S 1 x E(0) as x Sj x D 2 , we can write an element in 
S 1 x E(0) as (e 27rX4 , e 2nyi , re 2lTZ% ). Then we define an extension of tp^ 1 as 
follows; 

p^ 1 (e 2lTxi , e 27Tyi , re 2nzi ) = (e 2nxi , e 2nyi , r e 27T ( z ~ rpx ~ rqy ^ i ) 

where < x, y, z, and r < 1. □ 

Because of Lemma 12.21 it will suffice to show that for any cyclic surgery 
involving the K there is a homeomorphism Zj((<p) = Zo{tp). 

Lemma 2.3. Let K be a knot in S 3 , and suppose that Z — > Zk(p) is 
a surgery where ttx(Zk (</?)) finite. There is an orientation preserving 
homotopy equivalence f : Zk{<p) Zo{tp). 

Proof. A straightforward obstruction theory argument produces a map g : 
E(K) — > E(0) = S 1 xD 2 that induces an isomorphism in integral homology, 
takes meridian to meridian, and longitude to longitude. Take the product of 
this map with the identity map on the circle, to get a homology equivalence 
S* 1 x E(K) — > 5 1 x E(0). Because we use the same gluing map tp for both 
knots, this can be glued to the identity map on Z — v(T) to get a map 
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/ : Zk(<p) - > Zo(p)- The 5-lemma implies that / induces an isomorphism 
on integral homology, it is an isomorphism on tt\ as well. The result follows 
by lemma [2TT1 □ 

We will refer to the homotopy equivalence provided by Lemma [2.31 as the 
canonical homotopy equivalence. It is automatically a normal map |31j . and 
we would like to construct a normal cobordism from / to the identity map 
of Zo(f), which will be denoted Z' henceforth. Recall that a (topological) 
normal map h : Y — > Z' = Zo(<p), relative to the identity on the boundary, 
is classified by an element n(h) € [Z' ,dZ';G/TOP]. A standard calcula- 
tion [17] says that this is isomorphic to H 4 (Z',dZ') H 2 (Z', dZ'; Z 2 ), and 
that the first component of n(h) is just ^(a(Y)-a(Z')). In the case at hand, 
the signature of Y = Zk(^p) is the same as that of Z', so we concentrate on 
the second component, which we will denote by S(f). 

Note that the copy of S 1 x E(0) used in constructing Z' contains a torus 
T = S 1 x fix- The homology class of this torus in Z' will be denoted [T 1 ]. 

Lemma 2.4. For the canonical homotopy equivalence f , the invariant S{f) E 
H 2 (Z',dZ';Z 2 ) is given by Arf (K) PD(T'). 

Proof. Since H 2 (Z', dZ'\ Z 2 ) = Rom(H 2 (Z', dZ'; Z 2 ); Z 2 ), the class S(f) is 
determined by its evaluation on (possibly nonorientable) surfaces (G, dG) C 
(Z',dZ'). The following recipe for this evaluation is generally viewed as 
part of Sullivan's characteristic variety theorem [29\ 130]. We could not find 
this exact statement in the literature, and so have supplied a proof in an 
appendix to this paper. Make / transverse to G, to get a 2-dimensional 
normal map — > G. Then (S(f), [G, dG]} is the surgery obstruction of 
this normal map (in L 2 (l) — Z 2 ) which in turn is given by the Arf invariant. 
Note that this evaluation depends on the relative homology class [G, dG], 
but not on the choice of surface representing that class. 

Now given a surface G C Z', its mod-2 intersection number with T' is 
either or 1. By changing G by a homology (in fact by an embedded cobor- 
dism) we may assume that the intersection of G with S 1 x E(0) C Z' is, 
correspondingly, either empty or a single copy of the disk spanning O in 
E(0). This uses the fact that the boundary of this disk is preserved by the 
gluing map if. If G ■ T' = 0, so the intersection is empty, then / is a home- 
omorphism on f~ 1 G, and so the Arf invariant computing (5'(/), [G, dG]} 
must also vanish. 

On the other hand, if G-T' = 1, so the intersection is the meridional disk, 
then we can decompose G = Gq U D 2 where the D 2 is the disk bounding 
O in E(O). Clearly f~ 1 G decomposes in a corresponding way, where / : 
f~ 1 Go — > Go is a homeomorphism, and f~ 1 D 2 is a a Seifert surface for K, 
mapping with degree 1 onto D 2 . Thus (5'(/), [G,dG]) is the Arf invariant 
of a quadratic form defined on kev[Hi(f~ 1 G; Z 2 ) — > iii(G;Z 2 )]. But this 
kernel is clearly the same as the (mod 2) homology of the Seifert surface, 
and it is straightforward to identify the quadratic form with the one that 
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gives the Arf invariant of K. Putting together these two cases, we get that 
(£(/), [G, 8G\) = kii{K)G ■ V = Arf(iQ(PD(T'), [G, dG\). □ 

From this lemma, if the Arf invariant of K is trivial, then the homotopy 
equivalence constructed in Lemma l2.3l is normally cobordant to the identity. 
On the other hand, if Arf (if) = 1, then g is not normally cobordant to the 
identity, and so this construction does not work. However, we will see that 
this Arf invariant can be 'absorbed into the complement' by choosing a 
different homotopy equivalence. 

Proof of Theorem We claim that there is a homotopy equivalence (rel- 
ative to the boundary) f':Z r —> Z' with the same normal invariant as /. If 
the Arf invariant of K is trivial, then the normal invariant of / is trivial, and 
so / is normally cobordant to the identity. In fact, the normal cobordism is 
easy to construct 'by hand'. Following 0[9], the vanishing of Arf (if) gives 
rise to an explicit normal cobordism, relative to the boundary, of the map g 
to the identity of E(0). As in the proof of Lemma 12.31 this normal cobor- 
dism (crossed with S 1 ) can be glued to the identity map on S 1 x (Z — v(T)) 
to give the desired normal cobordism. 

If Arf (if) = 1, then we make use of a classic construction of Wall [31, 
§16] that is discussed carefully in [TJ section 5]. Given a class in ^(Z') 
represented by a map a : S 2 — > Z', consider the composition a o rf G k^Z', 
where rj 2 is the generator of tt^S 2 ). Then the following composition, say 
f a , is a homotopy equivalence (rel dZ'): 

z'^ Z '\/s Aa ^tz'. 

The normal invariant S(f a ) is computed geometrically in Theorem 5.1 of [T], 
and is given by 

(l + (u» 2 (Z'),a))PD(a). (2.3) 
Here we have used the same notation for the homotopy class a and the 
homology class it carries. 

Note that the image of the Hurewicz map is determined via the Hopf 
exact sequence 

TT 2 (X) ^(X^^iTT^X)) -> 0. 

Since H^i^d) = 0, the Hurewicz map is onto, so in particular the class 
T' is spherical and we get a homotopy equivalence fj" '■ Z' — > Z' . Recall 
that T' = S 1 x hk c S 1 x E(K), so it has trivial normal bundle. Thus 
(w 2 (Z'),T'} = T' ■ T' = (mod 2) and so by Lemma El and formula E3J 
both S(fT') and S(f) are given by PD(T'). This establishes the claim. 

A normal cobordism W from / : Zk(p) — * Z' to the homotopy equiva- 
lence /' : Z' — > Z' has a surgery obstruction that a priori lies in the Wall 
group Lg(Z[Z^]). But in fact |14^ section 11] this group, and the group 
L s (Z[Zrf]) vanish, so that W may be surgered to give an s-cobordism rel 
boundary between Zk(p) and Z' , which is a topologically a product. Hence 
the identity map between dZxi^p) and dZ' extends to a homeomorphism. 
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(For d odd and Z closed, this argument can be found in [E].) Finally, since 
the map on the boundary is the identity, the homeomorphism extends over 



Proof of Theorem \1.SX Note that when T is a rim torus (or annular rim torus 
as in [4]), the homology class T is trivial in H<i{X). So the homeomorphism 
constructed in the proof of theorem 11.21 has trivial normal invariant when 
viewed as a map from X to X. Hence by |27j (again see pQ for full details) 
that homeomorphism is homotopic to the identity. Then the work of Per- 
ron [25] and Quinn [27] says that this homeomorphism is isotopic to the 
identity. The isotopy takes £ onto X #-(</?). □ 



In this section, we discuss those examples we know of gluing maps which 
produce a surface whose complement has cyclic fundamental group. In many 
cases, these will be smoothly knotted, but Theorem 11.31 shows that they are 
topologically standard. In all of these, X is a surface in the simply-connected 
manifold X with n x (X - S) ^ Z/d. 

3.1. Rim Surgery [5]. Let T be a rim torus in X — X, i.e. of the form 
a x where a is a non-separating curve in X. The simplest gluing map 
if : 8u(T)(^ T x 3D 2 ) -> S 1 x dE(K) sends a ^ [S 1 ], ^ i-» ftjc, and 
<9L> 2 i— > A_k. As shown in |15t Example 3.2], the fundamental group of 
X — T,x(^p) contains the fundamental group of the d-fold branched cover of 
(S 3 ,K), and hence (by a strong form of the Smith conjecture [24]) is bigger 
than Z/d. 

Cyclic surgeries arise when we perform twisting (m times) and rolling (n 
times) in the gluing map 92, which has the form: 



The terminology (twisting and rolling) is explained in Section [2j In the 
case of m-twisted rim surgery (i.e. n = 0) it is shown in [15] that for any knot 
K, 7Ti(Z# (</?)) is cyclic when d = ±l(mod m), but can also be non-cyclic 
when this condition is violated. For instance, if d\m and K is non-trivial, 
then as in Example 3.2 of [15] . the group tti(Zk(^p)) will not be cyclic. We 
will show that (f is a cyclic surgery for any knot K in a more general case 
which includes an arbitrary amount of rolling. 

Proposition 3.1. If (d,m) = 1, and n is arbitrary, then in the above lan- 
guage, the m-twisted n-rolled rim surgery has / k\{Zk{'-p)) = 2^ for any knot 



To prove this, we will first describe m-twists and ra-rolls of rim surgery 
following [15] . Given a non-separating curve a in S, choose a neighborhood 
of a in X of the form S 1 x I x D 2 = S 1 x B 3 , where S 1 x / is a neighborhood 



X. 



□ 



3. Examples of cyclic surgeries 




(3.1) 



K. 
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of a in S. Adjusting a trivialization of the normal bundle v(Yi x I) in X, 
we may assume that the push off of the curve a along the trivialization is 
homologically trivial in X — S. Now we define self diffeomorphisms denoted 
by r and p on (S 3 , K) as it follows. Define a twist, r, by 

T (0, e**,t) = (9, e i( - v+2irt \t) for (9, e iv , t) £ K x dD 2 x I (3.2) 

and otherwise, r(y) = y. (Here we use K = S 1 = R/Z.) 
Similarly, a roll, p, is given by 



p(0,e lv ,t) = (9 + t,e lv ,t) for (8, e ltp , t) £ K x dD x I (3.3) 

and otherwise, p(y) = y. It is useful to note that p and r commute. 

Divide (S 3 , if) into two arcs (B 3 , K + ) U (-B 3 , if-) where the second pair 
is unknotted, and lies inside the tubular neig hborhood KxD 2 . The pair 
(X, Ex (</>)) defined by m- twisted and n-rolled rim surgery is then obtained 
by taking out the neighborhood of a and gluing back the mapping torus of 
(B 3 , K + ) with monodromy given by powers of the diffeomorphisms r and p. 

(X, E*M) = (X, S) - S 1 x (B 3 , 1) U d S 1 x pnrm (B 3 ,K+) (3.4) 

As in [15], we observe that this description of (X, T,k (</?)) is equivalent to 
the one obtained by performing knot surgery in Definition 11.11 along the rim 
torus T and the given matrix (p in (13. ip . 

Now let's consider d-fold covers of X branched along £ and (<£>) de- 
noted by Y and Yk(<p) respectively. From the decomposition of (X, £^-(yj)) 
in (|3.4p and the choice of the curve a, we easily observe that Yk(<p) is 
obtained by doing a surgery on Y as follows: 

(Y K (<p), E K ( V )) = {Y, E) - S 1 x (B 3 , 1) U 9 S 1 x pnfm (B 3 , K + ) d (3.5) 

where (B 3 ,K + ) d is a d-fold cover of B 3 branched along K + and p,f are 
lifts of p,r respectively. Here we consider (B 3 , K + ) d as the punctured d-fold 
branched cover (S 3 ,K) d of (S 3 ,K). The lift p of p into (S 3 ,K) d is a map 
defined by a rolling along the lifted knot of if on a collar of dE{K) d in a 
(i-fold cover of the exterior E(K) as described in (|3.3p and otherwise, the 
identity. However f is a little more complicated. Let a be the canonical 
covering translation of the group of covering transformations that is a 
rotation by 2n/d about the branch set. Then the following map gives the 
lift of f on (S 3 ,K) d . 

r a(x) if x g E{K) d - dE{K) d x I 

9,e^ s / d - 2 ^+f\s) if x = (9,e^,s) G 8E(K) d x I (3.6) 
: otherwise 

Note that p is isotopic to the identity on (S 3 , K) d . The isotopy Ft between 
identity and p -1 is defined on a collar of dE(K) d as follows: 



F t (0 } e tv ,a) = (0-is,e^,s) for (0,e lip ,s) G dE(K) x I 
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This isotopy induces a homeomorphism (S 3 , K) d XpS 1 —>■ (S 3 , K) d x S 1 . So 
we rewrite Yk(^p) with a gluing map / along the boundary. 

(F,E) - (B 3 , 1) x S 1 U/« (B 3 ,K + ) d Xfm S 1 (3.7) 

Here we need to make use of some results from Plotnick's paper [26J. 
Consider a plumbing P, at two points, of two copies of S 2 x D 2 . The pair of 
cores of the S 2 x D 2 s is called a 'twin' by Montesinos [23j [22]; note that <9P 
is a 3-torus. Plotnick [26] constructed infinitely many homotopy spheres by 
gluing to S 1 x E(K) using an identification A defined on the boundary of 
P. More explicitly, write 

n A = PU A S 1 x E(K) 

where A is expressed by a matrix form according to a certain basis {ei, €2, e%} 
on H\(dP) and each ei represents a curve on dP. (For details , see |26j.) 
The general form of A for which Qa is a homology sphere is 

p k 0\ 

-7 . (3.8) 

—cry + ftp a/3 + bk lj 

In many cases, this construction produces S 4 . In Qa, we get a knot A(K) 
determined by one of the two cores of P; in the description in [26] it is the 
second of the spheres. An interesting result is that the knot A(K) in Qa is 
fibered. Moreover, in some cases the fiber is described explicitly in terms of 
branched covers [261 Theorem 5.6]. 

Proof of Proposition \3.1[ Consider (B 3 , K + ) d x^mS 1 in the decomposition (13.70 
of Yk (<£>) • Then there is an interesting connection with Plotnick's construc- 
tion [26]. To see this, consider our assumption (d,m) = 1. So there are 7 
and (5 such that d'j + m(3 =1. If we do Plotnick's construction using the 
following matrix 

/ m d 0\ 
A = -7 (3.9) 
\0 lj 

then the resulting space is the m-fold cyclic branched cover of the d-twist 
spin of K [32]. Theorem 5.6 in [26] says that the knot A(K) produced in 
Qa is fibered and its fiber is exactly {B 3 ,K + ) d . Moreover its characteristic 
map is same as f m described in f|3.6|) . In other words, (B 3 ,K + ) d Xfm S 1 is 
the complement of A(K) in Qa- 

Comparing this gluing map A (|3.9|) with the general form (|3.8p . in our 
circumstance we have p = m, k = d, —07 + bm = and a(3 + bd = 0. 
Since d'j + m(3 = 1, we have d-fb + mf3b = b. Since bm = 07 and bd = —a/3, 
—a(3^f + a(3^ = b. So b = 0. This implies that a = 0. According to Corollary 
6.1 in [26] . this means that Qa is smoothly S A . Thus, (B 3 ,K + ) d Xfm S 1 is 
smoothly 5 4 — A(K). Then Yx((p) is isomorphic to 

(Y,£) - (B 3 ,I) x S 1 U/n S 4 - 
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This implies that Y and Yjc(<f) are homeomorphic. 

Now we consider d-fold unbranched covers of Z = X — S and Zk(^p) = 

X — Y,K(tp) denoted by Z and Zxi}p) respectively. Considering the de- 
scription (|3.5p of the branched cover Yx((f), we can similarly write the un- 
branched cover Zk((p) as 

Z - S 1 x (B 3 ,I) U d S 1 Xpn fm E{K) d . 

Let's apply Van Kampen Theorem to this decomposition. Since Z — S 1 x 
(7? 3 ,7) is homotopy equivalent to Z and ~K\Z = {1}, the fundamental group 

7Ti(Zx (<£>)) is isomorphic to tt\(S 1 x p-nfmE(K) d )/ im j where j : iri(S 1 x (S 2 — 
{2pts})) — > 7Ti(5 1 Xpn ? m£'(i ; ir) d ) is the inclusion homomorphism. Eventually, 
we have 

TTiCi^j) - (7n(^(K) d ,*) I ^ = l,/3 = %f?(J3),VP E ^(£(7^,*)) 

(3-10) 

where is a meridian of the lifted knot K. To assert tt\(Zk (</?)) = Z<j, it 

is sufficient to show that iti(Zk(<p)) is trivial. First, note that 7Ti 

is trivial. Applying Van Kampen Theorem to the decomposition for Yk(<p) 

in (|3.5p , we rewrite the group 7Ti(Yj<- (<£>)) as 

(ni((B 3 ,K + ) d , *)\P = p"f™(/3), V/3 E 7ri((5 3 ,7T + ) d , *)). 
Since vri((5 3 , 7C + ) rf , *) ^ TT 1 (E(K) d ,*)/(ij, R ), this implies that the gener- 
ator and relations in f|3. lOj) makes iti(Zk(<p)) trivial as well. 

□ 

Remark 3.2. We were led to the statement of Proposition 13.11 by some com- 
putations with the group theory program GAP 10]. We investigated m- 
twisted, re-rolled rim surgery for some simple knots. We found, for instance, 
that if K is a figure 8 knot, then 1-twisted, n-rolled rim surgery is a cyclic 
surgery for re < 100 (independent of d). However, the computations did 
not finish in a reasonable amount of time for more complicated knots and 
larger values of m or n. In retrospect, it seems remarkable that Plotnick was 
able to show that in many cases f2 a is actually S* 4 , whereas showing that its 
fundamental group is trivial seems somewhat difficult, computationally. 

3.2. Finashin's Construction. Let's review briefly the annulus rim surgery 
construction from [3]. Suppose that there is a smoothly embedded surface 
M in X, called a 'membrane', such that M = S 1 x I, M n £ = dM and 
M meets S normally along dM. By adjusting a trivialization of its regular 
neighborhood U, we can assume that U(= S 1 x B 3 ) n £ = S 1 x /, where 
f = IqU Ii = I x 3/ is a disjoint union of two unknotted segments of a part 
of the boundary of a band b = I X 7 in 7? 3 . Here the band 6 = 7 x 7 is 
trivially embedded in 7? 3 and the intersection 7 x 7 n <97? 3 = dl x I. Then 
given a knot K in 5 3 , we consider a band 6# C 7? 3 obtained by knotting 
b along K and denote by the pair of arcs bounding bx- Note that the 
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framing of bx is chosen the same as the framing of b (See [3} Fig. 1]). Then 
we get a new surface Tix as follows: 

(X, £*) = (X, S) - S 1 x /) U 5 1 x (£ 3 , /*) 

There is an equivalent description for this construction using knot surgery. 
Let 7 be a meridian of b in B 3 . Then there is a torus T C u(M) corre- 
sponding to S 1 x 7 C S 1 x (£? 3 , /), and is constructed by knot surgery 
on this torus. In Finashin's original construction, the gluing map <p sends 
i— > [S ], 7 i— > fix, and (9.D 2 i— > Xx- More generally, we can do m-twists 
and n-rolls in this construction, resulting in a gluing map ip of (|3.ip . 

Proposition 3.3. ifnoi surgery using ip of (13.11) preserves the fundamental 
group ~K\{Zx (</?)) = Z<j. In other words, m-twisted and n-rolled annulus rim 
surgery is a cyclic surgery. 

Proof. Let's consider the process of m-times twist-spinning and n-times 
rolling of a knot K in S s . Choose a regular neighborhood v(K) containing a 
knotted band bx described in Finashin's construction. We define self diffeo- 
morphisms r and p on (S 3 , v(K)) in the same way as (|3.2p and (|3,3p . Then 
r is fixed on dE{K) and with support in a collar of dE(K) and induces 
a conjugation by a meridian. Similarly, p is a conjugation by a longitude. 
Then we can observe that Zx(<p) obtained by knot surgery (Definition II .ip 
along the above torus T is equivalent to 

Z - S 1 X (B\ f) U S 1 X p n T m (B 3 - f K ). 

Applying the Van Kampen theorem to this decomposition of Zx{p>) and 
following the similar argument in [3], we can get that 

ni(Z K (<p)) tt^S 1 x p n T m (B 3 - f K ))/m 

where j : tt^S 1 x d(B 3 - f) S 1 x (S 2 - {Apts})) -» vt^S 1 x p « r ™ (£ 3 - 
/if)) is the inclusion homomorphism and k is the kernel of the inclusion 
homomorphism tti(S 1 x d(B 3 — /)) — > 7Ti(Z — S" 1 x (B 3 ,f)). The group 
vt^S 1 x 3(5 3 - /) S 1 x (S 2 - {4pts})) is generated by [S 1 ] and three 
generators denoted by a±, 02, and 03 for S" 2 — {Apts} where i{a\)= 1(02) is 
represented by a loop around one arc of / in B 3 and i(a^) is represented 
by a loop around / under the inclusion i : -K\{d{B 3 — /))—> vri(i? 3 — /) 
(See Fig. 1). So the kernel k is generated by [S 1 ], af, aiaf 1 , and 03. Since 
jQS 1 ]) kills the first factor of ni(S 1 X p n T m (B 3 — fx)), the group tti(Zk(^>)) 
can be written by 

(7ri(S 3 -/ K ,*) I (4 = 1,13 = P>T((3),a 3 = h^af 1 = l,V/5 € iri(B 3 -f K , *)) 

where we omit j to simplify the notation. As discussed in [4], the relation 
03 has the same effect on iri(B 3 — fx, *) as attaching a 2-cell along a loop 
nib turning around bx in B 3 . Adding this 2-cell makes fx an unknotted arc 
/ in B 3 (See Fig. 2 which is the same figure in [4]). So only one generator 
a\ of -K\{d{B 3 — /)) becomes the generator for 7Ti(B 3 — I) (to see this, note 
that di is represented by a loop around I). By geometric observation, we 
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know that r*(ai) is the conjugate of a\ by and p*(ai) is the conjugate 
of a\ by a longitude Xk- But since 03 and the longitude are killed in the 
group 7Ti(-B 3 — /), the factorization by j(k) makes the group iri(ZK{p)) into 
a cyclic group Z^. □ 

Appendix A. Normal maps in dimension 4 

In the proof of Lemma 12.41 we gave a formula for evaluating the normal 
invariant of a map of 4-manifolds. It was pointed out to us by Ian Hambleton 
that Sullivan's characteristic variety theorem, on which this evaluation is 
based, does not have a complete proof in the literature. Because 4 is a fairly 
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low dimension, it is possible to assemble a straightforward proof based on 
well-established facts in surgery theory, and we present such a proof in this 
appendix. 

We treat the closed PL case first; extension to the bounded case is routine. 
The TOP case follows by the same reasoning using the computation [16] of 
the homotopy groups of G/TOP. The statement we want is that PL normal 
maps to a closed oriented manifold X are determined by two invariants, S(f) 
and cr(f) where a is the simply-connected surgery obstruction, given by the 
difference in signature divided by 8. By the Universal Coefficient Theorem, 
S(f) £ H 2 (X; Z/2) is determined by the pairings (S(f),S) for S a surface 
(not necessarily orientable) in X. The claim is that (for / transverse to S) 
this evaluation is the Arf invariant of the normal map f^ 1 (S) — > S. 

The proof starts from the fact, proved by transversality and valid in any 
dimension, that PL normal maps to a closed manifold X are given by ho- 
motopy classes [X,G/PL]. Now it is well-known (cf. for example |21| §4]) 
that the first two nonzero homotopy groups of G/PL are tt2 = Z/2 and 
7T4 = Z, and 7T5 = 0. The first fc-invariant in the PL case is SSq 2 ; in the 
TOP case it is trivial. This is enough to determine that [X,G/PL] is the 
set {(a, s) G H 2 (X; Z/2) © H 4 (X; Z) | a 2 = s (mod 2)}. 

Suppose that F : M — > X is a normal map, and that S C X is an 
embedded surface with F transverse to S. Then the restriction of F is a 
normal map / : F~ 1 (S) — > S. Moreover, the classifying map for / = normal 
map of surfaces in [S, G/PL] is the composition of the classifying map for F 
in [X, G/PL] with the inclusion i : S — ► X. This holds because the normal 
bundle of F^ 1 (S) in M is the pull-back of the normal bundle of S in X. 

The formula we need then follows from the following statement: if / : 
S' — ► S is a normal map of surfaces classified by a map g : S — > G/PL, and 
a G H 2 (G/PL; Z/2) = Z/2 is the generator, then g*(a) = Arf(/). This can 
be seen in many ways, e.g. it follows directly from [281 Theorem 4.1]. 
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